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Invading interfaces and blocking surfaces in high-dimensional disordered systems
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We study the high-dimensional properties of an invading front in a disordered medium with random pinning
forces. We concentrate on interfaces described by bounded slope models belonging to the quenched Kardar-
Parisi-Zhand Phys. Rev. Lett56, 889 (1986 ] universality class. We find a number of qualitative transitions
in the behavior of the invasion process as dimensionality increases. In low dimedsidhghe system is
characterized by two different roughness exponents: the roughness of individual avalanches and the overall
interface roughness. We use the similarity of the dynamics of an avalanche with the dynamics of invasion
percolation to show that abovk=6 avalanches become flat and the invasion is well described as an annealed
process with correlated noise. In fact, ibe 5 the overall roughness is the same as the annealed roughness. In
very large dimensions, strong fluctuations begin to dominate the size distribution of avalanches; this phenom-
enon is studied on the Cayley tree, which serves as an infinite dimensional limit. We present numerical
simulations in which we measured the values of the critical exponents of the depinning transition, both in
finite-dimensional lattices witd<6 and on the Cayley tree, which support our qualitative predictions. We find
that the critical exponents id=6 are very close to their values on the Cayley tree and we conjecture on this
basis the existence of a further dimension, where mean-field behavior is ob{&81663-651X97)06308-3

PACS numbdis): 47.27.Gs, 47.27.Jv, 05.40;

I. INTRODUCTION slope growth, which may be described by the Kardar-Parisi-
Zhang (KPZ) equation[6] for the annealed casgl]. The

The problem of interface growth and wrinkling in disor- quenched moddll,5,7,4 has a different roughness.
dered and noisy systems has been the subject of much inter- An interesting aspect of quenched growth processes is the
est[1]. Special attention has been given lately to interfacemapping that exists between such problems and the percola-
growth in disordered systems. Examples of such systems at®n of random surfaces. In fact, a pinned interface describes
two-fluid displacement flow in porous medi], invasion of  a blocking surface that traverses from one side of the system
water into papef3], and magnetic domain movement in spin to the other. If the interface is depinned, on the other hand,
systems with quenched disorder. The distinction betweeno such blocking surface exists. In the simplest example of
such disordered systems where the noise is quenched and-1 dimensions, the blocking surface describes a line in a
cases where the motion is induced by random annealed noigfrected percolation clustg¢B,5]. In other dimensions such
has been an important part of this study4]. It has been generalized percolation processes are less well understood.
known for some time that the critical properties of interfacesThus we can identify the directed percolation transition with
in the two kinds of systems are differefit,3—-5. As a con-  the depinning transition in two dimensions.
sequence of the time independence of disorder in a quenched We want to emphasize that the analysis presented in this
system, an interface invading a quenched medium may bgaper relates to a universality class that is realized in many
pinned if the driving force is smaller than some thresholddifferent contexts. It was found in studying other systems
value, while in the annealed version it will always grow. Thethat much useful information and insight can be gained by
depinning transition is a critical phenomenon, in which thestudying the behavior in spaces of varying dimensionality.
correlation length diverges as one approaches the threshofthis is the case also for the interface growth model studied
driving force value. Thus there is usually a marked distinc-here. Since the model is rather involved, we discover a num-
tion between the behavior of the quenched noise problerber of qualitative transitions as the dimensionality increases.
and the annealed versions, and they define different univer- Turning back to the dynamics of interfaces, we note that
sality classes. critical behavior in such interfaces can be observed using

Advancing interfaces are usually characterized by awo different driving mechanisms. First, one observes critical
roughness exponent relating the average width of the in- properties near the threshold force lepgl required for the

terfaceW to the system sizé, interface depinning. Alternatively, one may drive the system
at the point of weakest resistance using a constant infinitesi-
W=LX, 1) mal current. This driving causes the system to self-organize

into a critical state. The critical interface in both cases is that
In most cases, the interface has also a self-affine structuief a self-affine interface with infinite-range correlations. In-
characterized by the same roughness exponents. A particuleerfaces produced by the two methods are intimately related.
difference between annealed and quenched growth is that th&e will use both methods in our discussion.
roughness exponent, of an interface growing in quenched  Analyzing interface growth driven by infinitesimal cur-
disorder is generally different from,, the roughness of the rent, we can define a key concept for the understanding of
annealed counterpart. An important example is boundeduch processes, namely, the associated pra@d2s[8,9].
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Associated processes are defined as the domains covered byln Sec. lll we discuss two variants of the model on the
the growth at periods during which the resistance of the me€ayley tree. The first is a straightforward generalization of
dium is below a certain threshold value. In annealed disordethe bounded slope model we just described, in which the
one cannot define such processes and this is the main sourigeunded slope condition permits avalanches propagating in
for the distinction between annealed and quenched growtBll directions, allowing for self-interaction by a reactivation
models. We analyze the statistical properties of the APs anflf @ site by a daughter site. This self-interaction prevents us
in particular their accompanying roughness expongnt from obtaining a closed-form solution. Hence we define a

which is defined by the scaling of the height of the APs withSimplified version in which the bounded slope condition is
respect to their lateral dimension. We stress thatis an enforced only in a preferred direction. This directed version
independent exponent and may be different frggsince is simplified enough that analytic calculation can be done,

the latter is created by a process of stacking independet’ﬁSing a mapping 1o an infinite state branching process. How-

critical APs. In fact,y. is only a lower bound for the overall g;ﬁgnstigialdIlirren(i:tteginc\/:rfrllzn aésomn;toug fli?:ttljzi”o]gs k:Tl]gehn-_
roug_hness(q [8]. Thus, in general, blocking s_urf:_;lces haVeti ned above swamp the critical behavior of the transition
two independent roughness expo_nents. The first is the 9'0?% d do not allow for an explicit calculation of scaling expo-
one and the second is the scaling exponents of the Vo'dr?ents.
between the surfaces.

In a previous papefrl0] we extended the discussion and

analysis of interface growth as a series of APs to an arbitrary Il. THE INVASION PROCESS AND INTERFACE

number of space dlmensilons and used t.he AR concgpt to STRUCTURE IN HIGH DIMENSIONS
derive a scaling theory of interface growth in all dimensions. . o .
We argued from general principles that the APs become less A. Basic definitions and scaling relations

rough as the dimensionality increases and eventually become The discrete Buldyrev-Sneppen mod@|5,7], which be-
flat objects at a finite dimensioth,. For space dimensions |ongs to the quenched KPZ universality class, was originally
d>d. the APs are fractal. Note that this dimension is criticaldefined on a (% 1)-dimensional lattice. At each site there is
in the sense that the scaling relation change qualitativelya quenched random pinning forégs) distributed uniformly
reflecting a fundamental change in the dynamical procesdetween 0 and 1. There are two related ways to define the
However, a second critical dimension can exist where thénvasion process. In the constant current version one has to
critical behavior will be the same as in the infinite- locate the site of minimal value on the interface. This site
dimensional limit. is activated by increasing the interface height at that point.
In this paper we augment the discussioif] in several ~Next one checks whether the activation of this minimal site
ways. We consider the dynamical process that occurs duringreates a local slope that is larger than a threshold value. If
the evolution of a critical AP. The set of sites that are activesuch an event occurs, the neighboring site is also activated to
at a certain instant is sparse. Therefore, we conjecture thatlieinstate a subthreshold local slope. These two operations are
is a percolative dynamical process. Using this claim, we cagarried out repeatedly, creating an advancing interface. An-
put limits on the maximal possible AP roughnegsas a  other algorithm for advancing the interface is the activation
function of d and we are able to show thdt=6 for the of all sites on the interface whose value of pinning fofds
quenched KPZ universality class. This is related to the obsmaller than a fixed driving force valdg, followed by ava-
servation in[12] that the dynamical exponeatequals 2 for lanches to enforce the bounded slope condition and repeating
d=6. these operation. Ify is chosen such that it is smaller than a
We next present simulations of the model on lattices of ugeritical valuep,, the interface will be pinned eventually; and
to six dimensions, verifying that the, is indeed equal to 6. if fo>p., the interface will continue to propagate indefi-
We analyze the overall interface growth and show that theitely.
interface roughness exponepy is the same as the exponent A very fruitful way of describing the invasion process by
Xa Of the annealed KPZ equation abote: 4. constant current is to introduce the concept of associated
The infinite-dimensional limit of this problem can be ana- processe$8,9]. They are defined by examining the value of
lyzed using a realization of the model on a Cayley tree withf for each activated site. Afy AP is a set of activations with
an additional height coordinate. Section Ill is devoted to thisf values below the threshold valdg. An activation above
analysis. We performed simulations on this model and found, concludes arf, AP and starts a new one. The APs of
two main outstanding features. The first one is the existenc&, may comprise severdh APs if f;<f,. The largest APs
of strong anomalous behavior, resulting in power-law distri-are thep. APs. In the constant current algorithm, no site with
bution functions with changing exponents in the subcriticalf >p. can be activated. An alternative way to construct an
range. Second, near the depinning transition a critical beha\AP is to switch to the constant fordg algorithm immedi-
ior emerges with a strong anomalous background. The valuestely after updating a site with>f,. The process will be
of the scaling exponents seem to be the proper infiniteblocked and the cluster that is created is precisely an AP; this
dimensional limit of the model. In fact, the scaling exponentsis what relates the two driving mechanisms.
in six dimensions, which is the highest-dimensional system The definitions of the model and the two driving methods
we analyzed numerically, are quite close to the results on thean be carried through unchanged to lattices of higher di-
Cayley tree. This is an indication that the critical dimensionmensionality. One defines an interface height coordinate in
of the problem, where all exponents reach their infinite-each site and performs the invasion process according to the
dimensional limit, is close to 6. rules just described. The lattice does not have to be an Eu-
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clidean lattice, and we will consider interfaces growing on atime an AP is generated that encompasses the whole system
Cayley tree in Sec. Il and then the entire interface identifies with a critical &Re
For f, close top, the APs display critical behavior, where also[8]). The interface growth is also related to the annealed
Af=p.—fy measures the closeness to criticality of the AP.process since the stacking of APs is similar in spirit to the
We are interested in the distribution of AP siZes masses  process described by annealed equations. This issue is dealt
s, defined as the number of activations in the AP, and in thevith in more detail below, but here we would like to note
rms lateral dimensiom,. The following scaling forms are that it follows from our discussion that the roughness of the
known to be valid ford-dimensional APs nedf,: annealed dynamicg, is also a lower bound fox,, so we
- may write
p(s)=s""g(s/AT™"), p(ry)=r, Tg(r /A7), (2)
quma)(Xach)- 8
and the fractal dimensiob of the APs is defined by
Since the quenched growth includes a nontrivial interaction
s~rﬁ. (3 between the processes definigg and . its roughness can
) ] actually be larger than botf's.
The scaling relations As an example one can consider theH(1)-dimensional
B . case. Since the APs are related to directed percolation, their
y=v/D, n=1=D(r-1) (4) roughness ig.=0.63[3,5]. The roughness for the annealed
dynamics isy,= 0.5, so thaty, dominatesy, . In fact, it has
H)een found(see[8]) that in this case the system roughness
Xq is slightly larger thany, . In higher-dimensional systems
Xc decreases and the difference betwggrand x. becomes
r ~r¥e, (5) more pronounced.
I As an application of this distinction, we note that when
where y.=D —d. constant force driving is used, starting frorfiat interface as
the model is Xq rather thany.. In fact, the clusters will consist of many
APs since the initial surface cuts through them. This differ-
1=y (d+1-7). (6) ence will be very manifest in high dimensions, where the
APs are flat and fractal, whereas the constant force clusters
This relation reduces the number of independent static expare rough 11].
nents to 2 and remains valid as long as the AP roughness
exponenty. is positive. A relation equivalent to E6) is

follow immediately from the definitiong2) and (3). If
D>d, the APs are rough objects, that is, they have a widt
r, related tor, by

C. Dependence ofy. on dimensionality

vy=1+vx., (7) It is apparent that growth in APs can happen in two ways:
either upward by activations or sideways via avalanches. The
where y=v(2— 1) is the scaling exponent of the average sideways action becomes more important as the dimension-
cluster size with respect taf. ality increases ang. therefore decreases as a function of
We will show below that there exists a finite dimensiond. A naive expectation based on this scenario is that in suf-
dc such thaty.=0 whend>d.. Aboved, the scaling rela- ficiently high dimensions the sideways growth becomes non-
tion (7) becomes simply= 1. However, the other exponents self-interacting. If this argument were true, the APs should
and the fractal dimension continue to depend on the dimerbelong to the percolation universality class in large enough
sion and thereforel; does not mark the transition to mean- dimensions. This simple behavior does not occur since the
field behavior. bounded slope condition induces a self-interaction that does
The geometric structure of an AP is qualitatively different not decrease wheatincreases, as we explain in detail in Sec.
in d>d;. Studying the rules of the model indicates thatlll, where we analyze the model on the Cayley tree.
whenevery, is positive, the APs cannot be fractal since There is, however, a subtle connection between the dy-
rough clusters have a typical width , which through ava- namics of a growing AP and the dynamics of a percolation
lanches prevents the formation of holes with diametercluster. In the following subsection we exploit this analogy
smaller thanr, . For d=d, the APs may be multiply con- to argue that in some finite dimensidpthe APs become flat
nected, but not fractal. Abovd., sinceD=d, the AP be- objects withy.=0. As explained abovej, does not mark
come objects with order 1 thickness, which may fractalize bythe transition to mean-field behavior. Some exponents, such

having holes of any size. as the AP fractal dimensio®, change as a function af
aboved. . Hence, ford>d, the APs are fractal objects with
B. Three types of roughness exponents D<d (see Sec. Il A We expect thaD saturates at some

In the preceding subsection we defined the roughness e%—mte value D.., as indicated by the Cayley tree analysis

ponenty. that characterizes the statistics of the APs. It is resented in Sec. |ll.
important to realize thak. is not necessarily equal to the
exponenty, defined in Eq(1), which describes the interface
as a whole. However, a simple consideration shows yjat The discussion presented so far has concentrated on the
cannot be smaller than the value yaf. In fact, from time to AP static exponents such asandD. It is interesting that

D. Dynamical scaling and critical dimension
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TABLE I. Results of numerical simulation of bounded slope models. The fthigetries refer to simulations on hypercubic lattices and
thed=x entry refers to simulations on a Cayley tree with coordination number 3. The expdhentgere directly measured, as well gs
in the finite-dimensional case. The valuerofias calculated fronD and 7, using Eq.(4) in the finite-dimensional simulations and measured
directly in the Cayley tree simulation. The value pfthe overall roughnegsvas not measured, but is given for reference. The numbers in
parentheses are errors in the last digit. We have checked that the numerical values of exponents presented here satisfy all the theoretical
scaling relations that connect them.

d Pc Y D u T x [8,11]
1 0.46102) 2.033) 1.6412) 1.422) 1.25 0.67
2 0.20022) 1.532) 2.522) 2.11(2) 1.44 0.50
3 0.11483) 1.292) 3.402) 2.862) 1.55 0.38
4 0.07855) 1.211) 4.243) 3.582) 161 0.27
5 0.05822) 1.132) 5.073) 4.223) 1.64 0.25
6 0.044%5) 1.082) 6.005) 5.055) 1.68 0.2

0 0.1501) 1 7(1) 6.6(2) 1.755) 0

considerations involving dynamic exponents provide furthereach dimension. We verified that this bound indeed holds for
information on static exponents as well. Although the arguthe numerical values of. and is actually rather shaisee
ments given here are not rigorous, we believe that they stillable | in Sec. Il E. Moreover, Eq.(12) implies that when
give a consistent and informative picture of the invasion prod=6, y. must be 0, so we have
cess.

The dynamical exponentis defined as follows. Consider dc<6. (13
an AP initiated at some site following its growth activating at
each time step all the available sites at that moment. The We note that fod>d. our arguments become irrelevant

lateral size of the AP grows as a power law in time since the AP is then a fractal object and its growth in this
case will occur mostly in the boundary and not in its bulk.
t~r2 (99  Therefore, we expect that the process is no longer a perco-

_ ) ) lative one. It is amusing to note that for this model only the
It is easy to show that the fractal dimension of the set Ofio\y-dimensional processes ih<d.=6 are percolative.
activated sites at any instant is

Dac=d+ xo—2. (10) E. Numerical simulations in high dimensions

) ) L We performed numerical simulations of the Buldyrev-
Consider the ongoing process of activation on the surfac&neppen model and compared them with the previous theo-
of the cluster. Since the fractal dimensiDg, is smaller than yetical scenario. The simulations were of either of two kinds:
d (sincex.<1<z), the set of active sites is so sparse that thgnterface growth by constant current on a hypercubic lattice
time interval between subsequent activations of a single sitgith periodic boundary conditions and invasion of a single
will be very long (in fact, we can show that it scales as cjyster in a Cayley tree as an effective infinite-dimensional
rzxe/(z-1)) This indicates that the dynamical process of thejattice.
AP growth is a percolative process, similar to the process the |n each of the finite-dimensional simulations the number
dynamical invasion into a percolation cluster. The first con-of activations was of the order of Dand thus statistical
clusion from this argument is that=z,,,, the dynamical errors were rather small. However, in high-dimensional sys-
exponent of invasion percolation. This relation has been sugems we were severely constrained by memory consider-
gested in12] and verified numerically in dimensions<6.  ations. For example, in six dimensions, the highest dimen-
The AP dynamics in fact resembles a set of invasion persjonality in our simulations, the hypercube measured only 16
colation processes occurring simultaneously, so Bat  sjtes in each directions. Thus finite-size effects were very
may be larger than the dimension of the set of active sites iBtrong in the high-dimensional cases, leaving a small scaling
a percolation procesd pe;—2zpe,. However,D,c cannot be  range still observable. The numerical investigations on the
larger than the fractal dimension of a full percolation clustercayley tree are described in detail in Sec. IIl.
Dper Without completely destroying the dynamical picture. \We measured directly the exponents v, andD. These
Hence consistency demands that exponents are presented in Table I. Since only two exponents
are independent in each case, measuring three different ex-
Dac=d+xc=Z<Dper (12) ponents provides a consistency check. The values displayed
in Table | obey the scaling relatiorid) and (6), within nu-
merical error.
Xe=<DpertZpe,—d<6—d. (12) The most remarkable featurg in Table | js the monotonic
decrease of.=D —d as a function ofd. In six dimensions
In the last inequality we used the largest possible values fothe APs become flat to within numerical accuracy, indicating
Dper andz,e,, which are the mean-field values. The inequal-thatd.~6. This is in accord with our previous estimate for
ity (12) gives an upper bound for the AP roughneggsin  the value ofd, based on dynamic scaling. Since it has been

and thus
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also confirmed in12] thatz=z,,, we believe that our con- wherea=D(7-2).

jecture about the nature of the dynamical process of invasion The roughness of an interface described by 8d) is

is very plausible. We also note that in four dimensions thegenerated by a combination of the noise correlations and the
measuredy. becomes smaller thap,, the annealed rough- intrinsic roughness stemming from the nonlinear process. It
ness. This impliegcf. Eq. (8)] that the interface roughnegs is possible to give a naive calculation for the correlation-
is dominated by an annealed mechanism. In the next subseitiduced roughness that is a lower bound to the actual rough-
tion we discuss this point and analyze in detail its conseness. To this end we define the “bare” height field as
guences. Another feature evident from Table I is that in six

dimensions the scaling exponents seem well converged to- ho(k,w)=G(k,w) n(k,0). (20

ward their infinite-dimensional values. . L
The bare correlation function is

F. Overall interface roughness (ho(k,w)ho(k",@"))=G(k,0)G(k',0")
We now turn our attention to the scaling of the growing ;o
interface as a whole. Abovd. the APs are flat and the (k) (K", 0))
invasion process becomes very similar to the annealed pro- ~k 2 eg(wlk?)?S(k+ k') S(w+w")
cess: Each AP activates each member of a set of sites once,
or at most a few times. In this regime the interface may be (22)

described by the annealed KPZ equatiart] and the simultaneous bare correlation is given by

Fh(x,1)=V2(x,1) +A[Vh(x,1) >+ n(x,1), (14

. . : . <ho(k,t)ho(k’,t)>=k*2”“J do g(w/k?)?~k 772,
whereh is the height and the random noigedescribes the
activation of sites by the flat APs. Since the activation of (22
sites by APs favors nearby siteg,has spatial correlations
derived from the distribution and structure of the flat APs.
We expect that in large enough dimensions, the spatial cor- 2x0=maxz—a—d,0). (23)
relations of » will become irrelevant and that the critical
exponents of the interface will identify with those of KPZ Thus the correlation-induced roughness dominates the intrin-
dynamics withé-correlated noise. We thus defimgerface  sic roughness unless
critical dimension ¢, such thaty,= x4 for d=d;. When
observing the invasion process of the interface as a whole, 2x>z—a—d. (24)
rather than the APg; signifies the dimensionality where the
effects of noise quenching become irrelevant.

It is not difficult to estimate the statistics of the correlate
noise n, whend>d,, in terms of the AP properties. Since
the APs are not correlatdfbr fo=f., see[9]), n is Gauss- " . .
ian and its value at two points is correlated only if both sites The condition for irrelevance24) was derived ford=d,

were activated in the same AP. Therefore, the correlatioNd IS satisfied in this rangsee Table | an@13] for values
function may be estimated by the probability of such an®f X @ndz for high-dimensional KPZ dynamigswe can thus
event, conclude thatd;<6. The measured value of. becomes

equal to numerical measurements xqf at four dimensions
ly—x|PZ-7~d within numerical accuracy, sd;=4. Since y,<1 in five
(15  dimensions, it is probably safe to use the criteri@d) also

) . for d=5. The criterion is satisfied so that we get the final
We now analyze the effects of those correlations, using astimate

k-space representation of the problem. We make the follow-

so we get the bare roughness

One can check that the condition for irrelevan2d) is al-
gways satisfied for uncorrelated noise=€0) and that it also
reproduces the known condition for irrelevance of the noise
correlation in one dimensiomy>—1/2[1].

(n(X) (y))~P(r=]y—x|)|y—x|P~ 4~

ing definitions. Let 4=<d;<5. (25
_ d iKx+iot Independent measurements of the overall interface roughness
hk, ) J d*x dth(x,t)e ' (16) [11] indicate that this is indeed the case; see Table I. We

_ i o o conclude that above four dimensions the roughness exponent
with 7(k,w) defined similarly. The response function is  of the overall quenched growth becomes identical to the an-

G(k, @) a(k+K')(w+w ) =(sh(k,o)on(k' 0"y (@7 "eded growth exponent

and we assume that it has the scaling form lll. CAYLEY TREE

—-z z In many statistical physics problems, the infinite-
Gk, w)=kglw/k), (18) dimensional limit is obtained by defining the model on the
wherez is the dynamical exponent of annealed growth. TheCayley tree. In problems with an upper critical dimension the
noise correlation irk space is Cayley tree solution gives the mean-field exponents.
The recursive structure of the Cayley tree simplifies the
(n(k,w)p(k",0"))=k*S(k+k")S(w+w"), (19 problems because of the lack of a self-interaction and in
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many cases allows one to obtain a closed-form solution. Acause of the exponential avalanches that follow from such
well-known example is the solution of percolation on theevents. This effect can dominate the probability distribution
Cayley treg[14]. This solution is instructive since it reveals of s.

some of the characteristics of the percolation clusters. We are The actual number of sites that are activated by the origi-
interested in the analogous problem for interface growth. Imal site of height is larger than the previous estimate since
this case, however, it will be apparent that Cayley tree realother sites can be activated by the exponential sub-
izations of this model might reveal properties that are subavalanche. Another complication arises since the actual in-
dominant for any finite-dimensional realization of the model.terface is not necessarily flat. However, since it is statisti-
We shall show that strong fluctuations may potentially de-cally flat, a sufficiently long sequence of activations should
stroy the usual kind of phase transition and may lead tdave an exponential effect. Therefore, we estimate the mean
anomalous critical properties. The Cayley tree realizatiomumber of activations(h) resulting from the event that a
that we define here displays a simple critical behavior with ingle site is of heighh by

strong background of anomalous behavior, but in other ex- — h

amples the anomalous behavior dominates. s(h)~w", (26)

We define the invasion process on the Cayley tree as fokrilvith =q— 1. On the other hand, the probability that a site

lows. The interface is defined by assigning a height to eac . .
site of the Cayley tree. As in the finite-dimensional case" anf, avalanche reaches a heighshould decrease like"

there is a quenched random fortehat depends on the site With f larger than but of the order df,. We can combine
in question and the height of the interface. A local slope isthese two estimates to find the probability of an avalanche of
defined between every pair of neighboring sites and thé&Z€S,
bounded slope condition prevents the local slope from in-
creasing beyond a critical value by advancing the sites that
violate this condition. As usual, there is a critical value of
force f., above which there is as finite probability to create
an infinite cluster.

The avalanche propagates upward and outward from the

original site. Since we expect critical .ava!anches to be fk.it’l'hus, on the Cayley tree, the tail of the distribution of the
propagation of avalanches will be mainly in the outward d"AP sizes is always a power law, with a nonuniversal

rection. However, two additional processes complicate thg -dependent exponent
dynamics. First, the bounded slope rule implies that repeated® Near the phase trans.ition there are two possible scenarios.

activation of a single site is followed by activation of all its Either the transition large clusters are created by the present
near neighbors and the number of these neighbors grow

. . 9 fRechanism or they are the result of critical fluctuations. In
exponentially with the number of repeated activations of th@The first case there is no typical scale for the mass of the

original site. Second, since the activations are isotropic, site lusters, as follows from Eq28). However, there is a typical
may be activated, create subavalanches, and then be rea %hgth séale that remains finite. in the tra’nsition yp

vated by a s_ubqvalanche create_d by the'r. children. Suc The second case may be realized if for sufficiently small
backward activations creates self-interaction in the dynamic e o
o— f| the probability to create a very large critical cluster

and is one of the main reasons for the difficulty in analyzingiS larger than the probability displayed in E@®8). Thus

trgzsrgrﬂﬁL'tntfequﬁzggag\,ﬁeawfgéERLZ?,‘::EL”;FL?,ﬁ:ﬁn t;sei;hethere will be a crossover scale, beyond which normal critical
' 9 Behavior dominates. In particular, there will be typical scales

special case of th_e _Cayley tree, is not trivial_ly solvable_. ._for the mass andchemical length of the clusters, which
The general origin of the anomalous critical behavior Indiverge atf., and the clusters will have a finite fractal di-

the size distribution of the clusters on the Cayley was dis- ; C .
; . . e mension. Since the mechanism that creates anomalous clus-
cussed briefly in a previous papgt0]. We will give an

; ) . ters is not universal, whether or not normal critical behavior
example below, where this mechanism can be studied ana:

lytically, but first we would like to present the qualitative IS realized depends on the specific realization.

. . ) . In the following subsections we are going to discuss, in
arguments since they have an essential role in the behaviagr, ...
" addition to the model that we have already presented, two
of the phase transition.

. . L additional realizations of the bounded slope model on the
Consu_:le_r_ an interface _that IS |n|t|<_';1IIy fk.it and a growth Cayley tree. One realization was defined and analyzed in
process initiated from a single site with a fixed valuefgf [11]; in it the interface grows into the tree instead of in an
There is a finite probability that the same site will be acti-

L : .~ additional direction. The other realization, to be defined in
vated once more, activating tlgenearest neighbors obeying

the bounded ruleh subsequent activations of the same sitedetail below, is a directed version of the model defined
. ; o q ho : . above, where backward activations are disabled. These two
will result in activation of theq(q—1)" neighboring sites,

in result of the bounded s ndition. We ob rValternative realizations are integrable and display anomalous
again as a resuit ot the bounded SIope co on. We 0bSeNVisical behavior. The original model, however, displays nu-

that th? numper of activations in this Sprroc.e.SS Irows EXqerical evidence for crossover to standard critical behavior.
ponentially withh. However, since the probability for each

of the activation isf,, the probability for such an event is

f0, which is exponentially small. Thus, even though the
probability to create such a height difference decreases ex- We performed Monte Carlo simulations of the bounded
ponentially withh, the effect might become important be- slope model on the Cayley tree with coordination number 3.

Profsthy<s<s(h+1)]~f"; (27)
it follows that

P(s)~s(n Fiin m-1=grfo) (29)

A. Numerical analysis on the Cayley tree
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FIG. 1. Distribution of cluster sizes(s) multiplied by the criti- FIG. 2. Distribution of clusters according to their chemical

cal distributions™ (arbitrary unit3, given as a function 0. We length 7, muI‘FipIied by the gritical dis.tribu.tion//”/, for values of
present distributions for forcing level§,=0.141, 0.145, 0.148, f corresponding to those displayed in Fig. 1, except the smallest
0.150~p,, and 0.155, displayed with higher values bfbelow value. One can observe clearly that the distribution falls faster than
lower ones. For low values df, belowp., one can observe pure & Power law forf<p. and is power-law-like ap. .

anomalous power-law distributions, while igncreases a new fea- L . C
ture becomes more and more apparent for lasges one ap- exponentr(fy) characteristic of the subcritical distributions,

proache. . The new power law seems to be independeritméar ~ PUt at & certain value of there is a crossover to a different
p.. Above p, an exponential cutoff appears for large power-law distribution with an exponent.=1.75+0.05.

We attribute the crossover to the emergence of normal criti-
cal behavior, which is masked by the anomalous fluctuations
for other values of ;. The fact that very large clusters near
are generated mainly by critical fluctuations signifies that
e transition itself is of normal type.

An analysis of the length distributions of cluster§/),

We used the constant driving force algorithm version, i.e.
for each site that was a candidate for activation, a rando
number between 0 and 1 was compared with a constant foniﬁ
fy to decide whether the site should be activated. This pro-

cess was repeated until the cluster either was blocked chisplayed in Fig. 2, supports the picture obtained from the

exceeded an upper bound in size. : A o L
We collected the statistics of clusters in terms of the Clus_anaIyS|s of mass distribution. The subcritical distributions

ter sizes and in terms of the maximal chemical distancedeCay faster than a power law, but flgr -1, the distribution
L . . ._~~decays asymptotically as a power law with a characteristic
from the source site’. In Fig. 1 we give examples of the size

= —+ i I iti -
distribution for several values d¢f. We observe three quali- ;geic())r:e;[tfr/ 3.8+0.1, consistent with normal critical be
. . . : . c-
tatlv_e types of behaV|or,'\.Nh|ch can be explained in tgrms 9" We conclude that the depinning transition of the bounded
the interplay between critical and anomalous fluctuations de-

scribed above. In particular, the size distribution very nearSIOpe model on the Cayley tree is a critical phenomenon with

o ) : .~ —a very strong background of anomalous fluctuations. Using
the critical value of forcing displays a crossover behavior, o
the critical exponents,; and 7, one may also calculate the

\r/]vh|g:h we interpret as the emergence of normal critical be'fractal dimension of critical the cluster®=2(r,—1)/
avior. .
The distribution functions for a subcritical driving force (.79_ 1.)~7' The rllarge Valllje.db show_s_that th's pha;;e trlan-
display a clear power-law tail without a cutoff, but with an 'Sl'llzlon IS n(l)t In the perco atllon lt_rangl?on L:(nlversa]tch g;ss.l
fo-dependent exponent(f,) [see Eq.(28)]. The clusters in e critical exponents are also listed for reference in Table I.
the tails of the subcritical distributions were created by the
mechanism described in Sec. Ill. An unusual property that B. A solvable model
follows from the asymptotic form of the subcritical distribu- It was remarked above that the main obstacle to obtaining
tions is the divergence of the average cluster ¢égewhen  an exact solution for the invasion model on the Cayley tree is
7<2. This property has no significance beyond the fact thaself-interaction through reactivation of a site by a “child”
the size distributions have no cutoff in the subcritical rangesite. A natural way to overcome this difficulty is to define a
The supercritical size distributions, on the other hand, dismodel in which there is a preferred direction, “backward,”
play well-defined cutoffs. The presence of these cutoffdn which the bounded slope rule is not enforced. The mecha-
stems from exactly the same reasons as the supercritical cuiism that creates anomalous large fluctuations is present in
off in usual critical phenomena: Once a cluster reaches &his simplified directed model and a more precise analysis of
certain size, it becomes very unlikely that it will not becomethis feature is possible. However, in contrast with the “iso-
an infinite cluster; this is true regardless of the mechanisntropic” Cayley tree model that was discussed in the preced-
that creates the power-law tails in the subcritical range.  ing subsection, we show that in the directed model anoma-
Very close top, (fo=0.150) a third type of distribution is lous fluctuations dominate up to the transition and normal
observed. There is sub-asymptotic power-law tail with ancritical behavior is not observed. In addition to the directed
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model, we a_llsp discuss priefly the model presentefilifj (1-po) "= pog(x|h+1)+g(x|h)]=x"g(x|h—1)7,

and reach similar conclusions. (32
The directed model is therefore defined by precisely the

same rules as the original model defined above, except thithere g(x|h)==x5f(s|h) is the Laplace transform of

the slope may be arbitrarily large when the lower point isf(s|h). The solutiong of this nonlinear difference equation

closer to the root. Thus defined, the process can be carriegpntains all the information about the mass distribution. In

out also in the following manner. Pick a root site on the treeparticular, many properties of the distributipiis|h) follow

and let it be activated repeatedly until further activation isfrom the behavior ofg(x|h) nearx=1. For example, the

blocked by a pinning force larger than some fixed drivingprobability to create an infinite cluster is

force pg. The probability that a height will be reached by

this process isp(1—py). Since the bounded slope rule 0.(h)=1— g(1|h)—pog(1|h+1). (33

works only in the forward direction, the interface height de- - 1-po

termined by this process may not be changed anymore and is ] ) )

statistically independent of the interface height at any othePimilarly, the expected cluster size starting at heighs

site. Next, the same process is carried out for each of the

child sites of the root, starting from height-1 if h=2; (slhy= Ixg(1[h) —podxg(1/h+ b

otherwise the invasion process stops. The process continues 1-po

analogously for each of the children sites either until all the . . ) ) _

sites are biocked, or indefinitely, creating an infinite clusterS/h) obeys a linear difference equation obtained by linear-

(this can happen only whepy> p.). izing Eq. (32 nearg(1|h). For small enougtp,, g(1/h)
The present model is equivalent to a branching proces@Ust be 1 and we can linearize H§2) nearx=1 to get

[15] and we may use its recursive structure for an analysis,

similar to the analysis of Cayley tree percolation. However, _ Podxg(1/h+1)+a,9(1|h)

the model defines a universality class different from perco- (1-po)

lation since it is a branching process with an infinite number

of states: Each possible value of the interface height corré/hich can be solved in closed form, yielding expressions for

sponds to a different branching process state. (s|h). The solution ceases to be realizable wihgy=p.,
The mass distribution of clusters of the directed modeWherepc is defined by

may be calculated as follows. We denote the probability that 5 1-p)=1 (36)

the total mass of a cluster gsgiven that the interface height APe(1~Pe '

at the root site ish by p(s|h). This function also describes SR ; ;

the probability that, given a child site with interface height ;Zsclr?:igg(laf/;ﬁ: fggg% Pe, g(1]h) # 1, so thap, indeed is
h, it will generate a subcluster of mass Since the total Further properties may obtained by solving E82) nu-
mass of the cluster is equal to the sum of the masses of awlerically One finds that fop, nearp, and 1—x small
the subclusters plus the number of activations at the root, we ' ¢

(34

=qd,g(1lh—1)+h, (35

have g(x|M)~1+(1=x)gy()+g)(1-x)7,  (37)
slh) = slh h.lho(s.|h where 2<7<3. This type of asymptotic behavior implies,

p(slh) sl+~--+zsq+h:s hl;,hq p(silhy)p(hsn)p(s,Iho) using the Tauberian theorerfisl, 16|, thatf(s|h) and there-

fore alsop(s|h) behave asymptotically & 7 for larges and

X p(halh) - p(se|hg)p(hglh). 29y particular that(s|h) is finite but (s?|h) diverges for

Po<p. (nearp.). For example, fog=2 andpy=p we find
that 7=2.2+0.05
We observe that the subcritical mass distribution of the
directed model is quite similar to that of the original model,
f(slh—1)=>, p(s|h’)p(h’|h) with a pg-dependent power-law tail, but in contrast with the
h’ original model, this behavior persists for valuespgfup to
o and includingp.. This indicates that the directed model be-
= 2 (l—po)pB'p(s|h’+h—1). (30) longs to the second case outlined at the beginning of this
h'=0 section, where the phase transition is dominated by the
) ) ) . anomalous fluctuations caused by exponentially large com-
It is possible to invert Eq(30) to expresg(s|h) interms of  pact avalanches. The same conclusion also arises from the

The right-hand-side of Eq29) is a sum of products of ex-
pressions of the form

f and rewrite Eq(29) as analysis of the length distribution of the clusters, presented
- next.
(1—po) [ —pof(slh+1)+f(s[h)] The analysis of the cluster length is more involved than
that of the cluster mass. Using the analogy with an infinite
= > f(s1|h—1)f(splh—1)---f(selh—1). state branching process, we interpret the sites at a given
Syt +sgth=s chemical distance” from the root as the’th generation of

(31)  the process. The population of the process is defined by the
values of the interface height, where each height corresponds
The Laplace transform of E¢31) is to a different species of the branching process. Thus we may
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define the /th generation population vector we observe two types of critical behavior. In some cases we
z,=(z®,z? .. .), wherez® gives the number of sites had a fluctuation-dominated phase transition and in others
at chemical distance” from the root with interface height the phase transition is of standard critical type.
equal to 1, etc. The branching process is defined by giving We believe that the properties observed on the symmetric
the probabilityp,(Z) that an individual of typen will gen-  Cayley tree should serve as a better guide to the finite-
erate a seZ=(z,z,....) of individuals in the next dimensional case, for two reasons. First, the symmetric
generation. The values of these probabilities follow from themodel we used is closer in its definition to high-dimensional
definition of the directed model. Since we were mainly in- pounded slope models than both the directed model we
terested in the asymptotics of the length distribution of clussglyved and the tree model suggested id] since it has a
ters, we analyzed the dependence of the mom@i¥) and  definite height and symmetric activations.
(zMzIMy on /. Such moments average both over clusters The second reason follows by examining the process that
shorter thary”, contributing 0, and over clusters longer than creates the anomalous avalanches in large but fihit€he
or equal to/. For critical clusters we expect that the distri- analogous arguments that led to the conclusion that the clus-
bution of Z, does not depend on the cluster size, given thater mass distribution has power-law asymptotjcé. Eq.
cluster is longer or equal t¢. Thus we may write (28)] repeated in the case of finiteyield a distribution that
behaves asymptotically as a stretched exponential
(2 =p(/ 2|2, #0)~cop()s(/),  (38)  exp(=s'). Such behavior will always become subdominant
for py very close top.. Thus, in a finite dimension we al-
wherep(/) gives the probability that a cluster is longer than ways expect a crossover from an anomalous fluctuation re-
/ ands(/) is the average number of sites at a distarfce gime to a critical regime, such as that displayed by the sym-

from the root.s(/) would be of the formy’®/~1 if the criti- ~ metric Cayley tree model. We thus conclude that in large
cal clusters have a finite fractal dimensibry. Similarly, dimensions the associated processes become objects with a
fractal dimension approachinB,.=7=*1. Since in six di-
<Z(/n)z(/m)>wcn P(A)S()?, (39) mensionsD, as well as other critical exponents, is close to

its infinite-dimensional value, we are led to conjecture that
so that we may deduce the behaviorp¢f) ands(/) from  there exists a finite critical dimension beyond which infinite-

those of the first and second momentsZof dimensional critical behavior is achieved.
Explicit calculations, not reproduced here, show that first
moments behave as a power law for largewhile second IV. CONCLUSIONS

moments grow exponentially. This implies, using EGES) The analysis presented in this paper allows us to draw

and (39), thats(~#) grows exponentially ang() decays conclusions about the processes belonging to the quenched

exponentially with/". In other words, the clusters have a KPZ universality class and processes of percolation of di-
characteristic length and have an infinite fractal dimension, y b P

These properties are expected for a depinning transitiore.Ctecj sur_faces._ We_ !oelleve that _studylng th_e be“@"'or_ n
dominated by anomalous fluctuations, as already indicate _|fferent dlmen_smnalltles_has prov_lded many interesting in-

4 C §|ghts. The main conclusions and ideas presented in this pa-
by the analysis of cluster mass distribution. We conclude tha)

in the directed model critical fluctuations are too weak to be> ' &'¢ as f_oIIows. .
There exist two different roughness exponents character-
observed even neg;.

An alternative version for defining the bounded slopeIZIng the invading front: the exponep, of the AP rough-

model on the Cayley tree was given[ibl]. In this version, ness and t.he overall interface roughng@s The .overall.
the Cayley tree is divided into sets of sites with a fixedroughness is created by random depos'“of‘ of objects with a
height and the invasion process occurs directly from one sitéou??n dei?‘{c' i\:1ve tﬁir N 'rr:Jaftt a:clﬁnto Krgdlcit thenelxpci)nr:entf
to its neighbor rather than by raising the interface in a singletd 0 using this understa 9. asic conciusion o
site as in the version presented in the present paper. Refetr > is that different driving methods of this model will dis-
ence[11] presents an analysis of the cluster mass distribuplaxndéifﬁéfrgaZFit'%g:I.gr?hrzri'ﬁg' dvnamic process of ava-
tion. As in the models presented here, the mass distributio SIC | IS that dynamic p . v
displays nonuniversal power-law asymptotics, stemminggamhe formation below six dimensions is a percolative pro-

from anomalous fluctuations. Since there is no indication othess. Thﬁre are two main concludsmns fr_ct)rr]n _th|s cla_|m. g.'rSt'
a crossover to a different type of asymptotics npar we € roughness exponent; goes down with increasing di-

conclude that in this model the transition is anomalous. ~ Mension a_nd the dimension whegg=0 is d,=6. Second,
the dynamic exponents of the process should be the same as

in percolation[12].

From our analysis on the Cayley tree we find that in high

In many cases one uses information from Cayley tree redimensions strong fluctuations appear as a result of exponen-
alizations of statistical models to deduce properties of hightially rare events, as well as a result of critical behavior.
dimensional realizations. In particular, one may hope to findlhese fluctuations are observed by the presence of wide tails
“mean-field” behavior, which should be valid above a finite in the AP size distribution and by power-law tails in the
critical dimensiond,., if such exists. cluster distribution on the Cayley tree. As a result, one can

In the case of the bounded slope models, however, webserve two types of scenarios for the depinning transition
have a dilemma: The behavior on the Cayley tree is complion the Cayley tree. In addition to a critical transition, it is
cated by the creation of exponentially large avalanches, salso possible to have a fluctuation dominated transition, char-

C. Consequences for large but finited
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acterized by a correlation length that does not diverge. Intained numericallysee Table)lindicates that there is a finite

deed, this behavior is observed both in a directed model wabsolute critical dimension in which all the exponents reach

solve and in a model analyzed|ibl]. On the other hand, on their infinite-dimensional limit.

a simple symmetric bounded slope model the usual critical In summary, we find that there are at least three qualita-

transition is realized. We conclude that the latter model is theive transitions in the basic structure of an invading interface

appropriate high-dimensional limit. when dimensionality is increased. This reflects the wealth of
The examination of the values of scaling exponents obprocesses occurring during such an invasion process.
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